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Abstract
We identify the spectral curve of pure gauge SU(2) Seiberg-Witten theory with
the Weierstrass curve C/L ∋ z 7→ (1, ℘(z), ℘(z)′) and thereby obtain explicitely a
modular form from which the moduli space parameter u and lattice parameters a,
aD can be derived in terms of modular respectively theta functions. We also discuss
its relationship with the c = −2 triplet model conformal field theory.
1 Introduction
The low energy effective N = 2 SYM theory is mathematically and physically extremely
rich and a crosspoint for string theory, topological field theory, Riemann surfaces, algebraic
topology and other interesting topics [10, 13, 16, 17].
In this paper we draw our attention mainly to the correspondence between pure gauge
SU(2) SW-theory and the Weierstrass formulation of elliptic curves. In particular we
identify the spectral curve both in the N = 2 and N = 4 formulation with the Weierstrass
curve and thereby obtain some means for writing the parameter of the moduli space and
the lattice parameters a and aD in terms of theta functions, as was originally proposed in
[14]. The basic motivation for doing this is that theta functions may point to characteristic
functions which have a meaning as amplitudes in conformal field theory. Indeed, we find
that the modular form from which we derive a and aD can be expressed by characteristic
functions of the c = −2 triplet model. The latter is a nice tool in order to describe the
Weierstrass curve and its developing parameter.
The organization of the paper is as follows. First we review how the torus, the spectral
curve for pure gauge SU(2) SW-theory, is related to the charge lattice. Then we remind
the reader about the N = 2 and N = 4 formulation of the related algebraic curves and
identify them with the Weierstrass elliptic curve and each other. In the last chapter we
explain how we derived the modular form mentioned above and then briefly discuss the
relation to the c = −2 triplet model1.
2 From Pure Gauge SU(2) SW-Theory to the Torus
In pure gauge SW-theory, the spectrum of stable, charged particles is given by points on
a scale dependent lattice spanned by the vacuum expectation values a(u) of the scalar
field φ and its dual aD(u): L = (aD, a)
T . The parameter u denotes a point in the moduli
space M := CP1 \ {Λ2,−Λ2,∞} of the theory, where Λ usually gets related to the scale
ΛQCD, Λ ∈ R+ and L :M→ E can be interpreted as a section of some flat holomorphic
Γ-bundle E, Γ ⊂ SL(2,Z). The motivation to consider such a lattice comes from the BPS-
respectively central charge formula
Z = ne a+ nm aD, (2.1)
where ne and nm are the quantum numbers for the electric and magnetic charges. Γ ⊂
SL(2,Z) is the subgroup, acting on L, which leaves Z invariant. It is determined by the
1For a more extensive discussion c.f. [6].
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local symmetries of the theory which are due to the possible monodromies of L around the
singularities of M. There is another global symmetry that results from the Z2 symmetry
u 7→ −u onM, residual to the SU(2)R rotations, and induces a group action on L, leaving
|Z| invariant [4]. Though the full quantum symmetry is thus given by Γq = Γ/ΓZ2, where
Γ
Z2 is the induced action of the Z2 group on the lattice, one usually considers only the
monodromy group. In the following we denote the full quantum moduli space as Mq, it




The most interesting feature of such a charge lattice is that it degenerates at some
subspace, the so called marginal curve of stability K := {u ∈M : aD(u)
a(u)
∈ R} ⊂ M. This
curve separates M into two components, one containing the semiclassical UV-regime at
u =∞ and one beyond K, the IR-regime. K does not only constrict the possible particle
spectrum and is crucial for the theory to be integrable but furthermore constitutes a
playground for understanding such things as condensation of matter and confinement and
hence is in the very heart of physics. One finds [4], that K is a continuous, closed curve
in M, connecting ±Λ2, which are the singularities in M that are due to the stable BPS
states, obtained from the monodromy at ±Λ2, being massless at these points. ¿From (2.1)
it is clear that for massless BPS states necessarily aD
a
∈ Q. Moreover, on K particles are
no longer protected from decay by mass and charge conservation and one can prove [4]
that they decay into the BPS states mentioned above (and their anti-particles).
Among the enormous amount of possible perspectives on SW-theory there is one, re-
lating the charge lattice to the homology cycles H1(E ,Z) of a torus E . In particular there
exists a mapping λSW ofM to the space of meromorphic one-forms, called the SW-form,
encoding the information of L and satisfying
λSW (u) : L(u)→ H1(E(u),Z),











λSW (u) = ω(u) + exact form, (2.3)
with ω a holomorphic one-form. One now can obtain the torus as a Jacobian variety from
the periods












ω(u)) A,B ∈ H1(E(u),Z). (2.4)










which is an element of the complex upper half plane H and coincides with the coupling
constant of SW-theory. Notice, however, that as it stands this picture is not yet satisfying,
one still has to take into account that the torus can be singular in the sense that one of
the generators A or B shrinks. The states on the marginal curve of stability K which
get massless at ±Λ2 are associated with the so called vanishing cycles, i.e. elements of
H
(0)
1 (E ,Z) := {C ∈ H1(E ,Z) :
∮
C
λSW = 0 if ∆E = 0}, where ∆E is the discriminant of
E being represented as an algebraic curve (its getting zero represents the torus getting
singular). Since the local physical information is preserved under the symmetry Γ, which
has an action on L and on τSW via (2.5), the moduli space of the theory in the perspective
of the torus thus can be obtained as the quotient of the uniformization space H with Γ,
as usual:
M˜ = H/Γ. (2.6)
Notice that this is not the fundamental space of a certain torus E(u), to every point
in M˜ rather belongs a torus defined by τSW . The relations as described above can be







τSW is a bi-holomorphic mapping and the singularities of M correspond to the vertices
in M˜. They are elements of the real axis since at these points the torus degenerates,
i.e. τSW ∈ R. Indeed, they are fixed points of the parabolic group elements generating Γ
and moreover the inner angles are supposed to be zero, accordingly. The action of Γ on
H1(E ,Z) is promoted by λSW and can be interpreted as a change of basis which of course
is a mapping between equivalent tori. Γ
Z2 identifies the Lattices L(u) and L(−u) and
hence the subset of elements of H1(E(u),Z) corresponding to stable particles with the one
of H1(E(−u),Z).
2.1 N = 2 versus N = 4 Formalism
Due to the absence of quarks in pure gauge, SU(2) SW-Theory, there exist two physically
equivalent formulations depending on the choice of the smallest electric charge. Either one
sets the charge of the W+ boson to one like in N = 4 SYM or one chooses the smallest
charge to be that of the quarks, which might be added later to the field content, such
that the W+ boson now has charge 2 and the quarks have integer charge. This, however,
means that there exists some ambiguity in the choice of the charge lattice and accordingly
the torus. The differences of these formulations are summarized in the following table:
3
formalism N = 4 N = 2
charge lattice L4(u) = (aD(u), a(u))




coupling τSW 2 τSW
monodromy group Γ Γ(2) Γ0(4)
quantum symmetry Γq Γ0(2) Γ
0(2)






∈ SL(2,Z) : b = 0 mod n








∈ SL(2,Z) : b, c = 0 mod n




The monodromy group refers to the charge lattices L4 and L2, respectively, whereas the
quantum symmetry is obtained by dividing out the residual Z2 symmetry. Notice that in
the N = 2 formulation a reparametrization of the coupling and the charge lattice had to
be done in order to leave the BPS mass formula invariant.
According to the choice of the formalism, the torus takes two different algebraic forms,
defining families of algebraic curves Ei(u), i = 2, 4 parametrized by u:
E4(u) : y2 = (x− Λ2)(x+ Λ2)(x− u) (N = 4),
E2(u) : y2 = (x2 − u)2 − Λ4 (N = 2).
(2.9)
However, both formulations have to be physically equivalent, i.e. they are supposed to
have the same particle content. In mathematical terms this reduces to identifying the
curves via some isogeny2.
2.1.1 Identifying the Curves
Uniformization of these curves relates Ei(u) to the family of standard elliptic curves E(τ),
described via the Weierstrass function C/L ∋ z 7→ (1, ℘(z), ℘′(z)) ∈ CP1 and







= 4℘(z)3 − g2(τ)℘(z)− g3(τ)
=: 4Π3i=1(℘(z)− ei), z ∈ H, ℑ(τ) > 0.
(2.10)
2c.f. [17] and [11] and the table above.
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(λ2(τ)− λ(τ) + 1)3
λ2(τ)(λ(τ)− 1)2 , (2.11)
defines equivalence classes of algebraic curves in the Weierstrass form. Here we use a




e1(τ)− e2(τ) . (2.12)
The ei are the branch points of the algebraic curve (2.10) and (2.11) is invariant under























The identification of the parameter u in (2.9) with the lattice parameter τ can be obtained
by converting (2.9) to the Weierstrass standard form (2.10) and matching the thus obtained
Ji(u), i ∈ 2, 4 with J(τ). The relation J2(u) = J(τ) means that E2(u) and E(τ) are






(N = 2). (2.15)






where [Ei] denotes equivalence classes of algebraic curves and I∗ is the induced isogeny.
The mapping I is given by4
I : u 7→ u4 := I(u) = uΛ
2
√
u2 − Λ4 (2.17)
or much nicer on the “true” quantum moduli space Mq as
Iq : α 7→ α4 := Iq(α) = α







3For definitions c.f. appendix A.
4c.f. also [11].
5
Thus α → ∞ corresponds to α4 → 1 and one expects that the UV and IR regimes are
thereby exchanged. From (2.17) and (2.15) we find an expression for u4 in terms of the
uniformizing parameter τ :
u4(τ) = Λ
2 λ(τ) + 1
λ(τ)− 1 . (2.19)
It is also possible to use (2.15) in order to derive an expression for λ in terms of u but
another equivalent and physically inspired way is to identify λ with the inverse crossing
ratio of the branch points e¯1 :=
√
u− Λ2, e¯2 := −
√
u+ Λ2, e¯3 := −
√
u− Λ2 and e¯4 :=√
u+ Λ2 of the N = 2 curve
λ = ξ :=
(e¯1 − e¯4)(e¯3 − e¯2)
(e¯2 − e¯1)(e¯4 − e¯3) (2.20)













α4 − 1 .
(2.21)





































; 1; 1− λ). Thus I and Iq are
mappings between different regimes of the moduli space. Much nicer this can be seen in
[11] where a different choice of hypergeometric functions, natural for the description of the
quantum moduli space Mq is used. The system cited above is natural for a description
rather of M.
2.1.2 Identifying τ and τSW
Since the fixed points of either monodromy group in H stem from parabolic elements, the
inner angles are zero and one obtains from the Schwarzian differential equation
{τSW , u} = 2Q (2.24)
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with appropriate Q (this is the expression of zeroth order in in d
du
in (2.27)), accounting
for the structure of the moduli space, some hypergeometric differential equation of the













h(z) = 0 (2.25)
and a related Picard-Fuchs equation
L h(u) :=
[








h(u) = 0. (2.26)
















y(u) = 0. (2.27)






2 (1− z) 12h(z). (2.28)
Up to now we didn’t account for the boundary conditions inherited from the physical
background, in particular the monodromy properties. The boundary conditions from the
monodromy group are implemented via the relation
d
du
Li(u) = (ΠDi(u), Πi(u))
T , i ∈ {2, 4}, (2.29)
on the charge lattice, where Πi and ΠDi are solutions to (2.26) or (2.27). However, since












where ρ(I∗) ∈ GL(2,Z) is the action of the isogeny on the lattice. Hence it suffices to
solve the uniformization problem for, say, the N = 2 formalism.
In order to get a and aD use
d
du
Lˆ = L d
du














s(u) = 0 (2.31)
respecting the boundary conditions from the monodromy group. This corresponds to
solving another Schwarzian ode of the form
{τˆ , u} = 2Qˆ, (2.32)
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where now τˆ = aDi(u)
ai(u)
and ai, aDi are two linear independent solutions to the ode above.
































The solution for the N = 4 formalism differs only by a factor of 1
2
















By means of the isomorphism J2(u) = J(τ) one actually identifies τ and τSW . This,
however, does not imply that Π2 = K and ΠD2 = iK
′, rather that the ratios are the same.
In fact, differentiating a and aD by u leads to the observation that the periods are different
from K and iK ′. Finally we obtain using (2.23)
τ
(2)











and from now on we will restrict to the N = 2 formulation.
3 Modular Forms
In order to get in contact with string theory it is suggestive to express the main functions
above as modular forms5. The moduli space parameter u can easily be written in terms













This is the key for deriving all other quantities as functions of τ . In [14] Nahm already
pointed out that the combination c(τ) := τa−aD transforms like a modular form of weight
5For definitions see appendix A.
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−1. Another promising feature of this combination is that given τSW = τ one yields a by











Hence a and aD should be given in terms of modular functions, likewise.
By inserting u(τ) into (2.33), a and aD are expressed as functions of τ = τSW . In order
to write them as modular functions it suffices to consider a and aD in some region of M,
they can then be analytically continued to the whole of M. Therefore, it is sufficient to
expand a and aD around u = ∞ first and afterwards insert u(τ) in order to find the q











z−n (log(−z) + hn) ,
hn = 2ψ(1 + n)− ψ(a+ n)− ψ(c− a− n).
(3.3)
Using inspiration from Nahm’s paper and maple we were able to match (analytically) the














When expressing aD by means of c and a we found a relation which differed from Nahm’s
given above, namely
aD(τ) + 2a(τ) = τa(τ) − c(τ). (3.6)
This is not too bad since we know that a change u 7→ −u has an effect on aD and that the
physical situations at u and −u are identical. Indeed, when going to −u we calculated in
exactly the same way as above
aD(τ) = τa(τ)− c(τ), (3.7)
and obviously
u 7→ −u ⇒ aD 7→ aD − 2a, (3.8)
in accordance with, for example, [13]. Further, with these relations and also with the help






































which one naturally finds when uniformizing on Mq rather then M leads to the same
modular expressions and (3.7).
4 Correspondence to the c = −2 Triplet Model
It is possible to relate c(τ) to the characters of the c = −2 triplet theory (on CP1)















There is some geometric interpretation of this behind it which is strongly suggested in [6]
and [12]. The involved characters in the numerator belong to the twistfield µ of conformal
weight hµ = −18 and its excited partner σ with weight hσ = 38 . Now, the µ field can be
thought of as representing some branch point on CP1 and one may think of the torus as
being constructed as a double cover of CP1 with four fields µ producing two branch cuts.
However, as we learn from [12], this geometric interpretation of branch points being
represented by some analytic fields is not a speciality of the triplet theory alone but of
a whole class of theories of pairs of analytic anticommuting fields of integer spins j and
1 − j. Nonetheless the triplet theory is somewhat outstanding. All these theories lead
to different kinds of Coulomb gas models according to which one can calculate different
four-point functions. The main point is that the four-point function for the “geometric”









where the index labels the different conformal blocks respectively homology cycles, that
are, as explained, in one to one correspondence to the periods, and the crossing ratio ξ
matches the modular function λ, as in (2.20). Explicitly, they read 〈µµµµ〉k = [ξ(1 −





; 1; ξ) and F2(ξ) = F1(1 − ξ). In this respect the triplet
6c.f. [8].
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theory is a natural tool in order to express the family of Weierstrass curves E(τ) by means
of four point functions of the twistfield µ.
The relation to SW theory is then introduced indirectly via the isomorphism E2(u) =
E(τ) under which τSW = τ and the c = −2 model is thus natural for the Weierstrass for-
mulation with developing mapping (2.14) rather than for the SW moduli space in general.
This is mainly due to the fact that the c = −2 theory does not know about the restrictions
from the monodromy incorporated in the SW model, however it may serve as a nice tool
in order to describe the geometric properties of general tori in the Weierstrass formulation.







and the derived lattice paramters a and aD in terms of quotients of conformal blocks of
the c = −2 triplet model [6], where one uses the algebraic curve y(x) = ∏4i=1 (x − e¯i)
defined by the four branch points e¯i as in (2.20). In particular (2.2) has an expression as
six point functions on the sphere [5] or in another interpretation two point functions on
















(̟ + 1)2Λ2 +
√
(̟ − 1)2Λ2






(̟ + 1)2Λ2 +
√
(̟ − 1)2Λ2
)F (3)D (12 , {12 , 2,−2}, 1;1−̟2, 1 +̟, 1−̟).
(4.4)
The index i = 1, 2 labels the standard homology basis, i.e. a and aD, respectively, and
the fields V2(∞) and V−2(0) correspond to the double pole at infinity and the double zero
at the origin of the SW-differential (4.3). The denominator serves in order to extract the
nontrivial part of the numerator [6]. That a can be written as a Lauricella function and
that the three crossing ratios are related to each other was obtained in [1]. Again, ξ is
related to λ via (2.20) and ̟2 = ξ, η = −̟, such that the periods are functions of one
complex variable only.
By means of u(τ), i.e. (2.15), the expression for a(u) as above can be expanded in q
via the elliptic modulus λ(τ) = ̟2. This q-series coincides with the one for the simple
11
























































Here, ξ′ is interpreted as the inverse crossing ratio
ξ′ :=
−4̟
(̟ − 1)2 . (4.6)
Again, the label of the correlation functions refers to the conformal blocks. In the denom-
inator, 〈σ(∞)σ(1)µ(ξ′)σ(0)〉 = [ξ′(1 − ξ′)]−1/4(C1ξ′ + C2), and the block needed here is
obtained with the choice C1 = 1, C2 = 0. The final expression for aD(u) is obtained by
analytic continuation of the second conformal block to the region {ξ′ : |ξ′| > 1, |1−ξ′| < 1}.
Performing again an expansion in q for ξ′, we find explicitly the relation
ξ = ̟2 = λ(q) and ξ′ = λ(−√q) . (4.7)
This means that the modular parameter associated to ξ′ is just half of the modular pa-
rameter associated to ξ, since −√q = −(exp(πiτ))1/2 = exp(πi(τ/2 ± 1)), and τ/2 ± 1 is
equivalent under the PSL(2,Z) action to τ/2. We note that substituting u 7→ −u would
have led us immediately to the result ξ′ = λ(
√
q), which is the elliptic modular form for
a torus with lattice parameter 1
2
τ . In this respect the correlation functions in (4.5) have
an interpretation as zero-point functions on a torus with 1
2
τ , where the branchpoints are
represented not by the µ fields alone but also by the excited fields σ.
To conclude the discussion, we remark that the interpretation of the denominator of
equation (4.1) is much more involved. That c(τ) can be expressed solely in terms of
characteristic functions of the triplet model can be read as a strong hint that there really
is a relation, though up to know we obtained all quantities in a non-constructive way. It
would be interesting to look at SW with matter and other gauge groups in order to find
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out if still the triplet model appears. For completeness, we give the SW periods a and aD




















































× ∂q((χ0 − χ1)(χ0 + χ1)
2)(










)2∂q((χ0 − χ1)(χ0 + χ1)2)
) ,
aD(τ) = (τ − 2)a(τ)− c(τ) ,
(4.8)
where c(τ) is given in eq. (4.1) and the theta as well as the characteristic functions are all
taken at
√
q, i.e. at the value 1
2
τ . Note that this corresponds to ξ′ above, i.e. half of the
modular parameter associated to the original formulation in ξ. To arrive at these formulæ,







with k2 = λ(
√
q) the elliptic modulus and that, secondly, the complete elliptic integral of












in terms of the complete elliptic integral of the first kind. Then, the result follows by












q). With the help
of the appendix, the expression in Jacobi theta functions can then easily be rewritten in
terms of characters of the c = −2 triplet model.
It is worth noting that there is an interesting relation between the modular form c(τ)
and the elliptic modulus k. To see this, let us introduce modified characters which take into
account the fermionic nature of the c = −2 triplet model realized in terms of symplectic
fermions. It turns out that the irreducible highest weight representations with conformal
weights h = 3/8 and h = 1 are spin doublets with all states having odd fermion number,
while the irreducible representations with weights h = −1/8 and h = 0 are spin singlets
with all states having even fermion number. It is then useful to introduce characters
including Witten’s index F , i.e.
χh(z, q) = trVhz
F qL0−c/24 . (4.11)
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Defining in addition the quantity
κ(z, τ) =









we find the remarkable result
c(τ) = − iΛ
π
1
κ(−1, τ) , k(τ) = 4κ




















Another guess is that the characteristic functions hint to topological string theory, as there
is a relation between Gromov-Witten invariants and modular forms. This idea is strongly
supported by [15]. Only recently there was published a paper by Huang and Klemm who
indeed related the results of [15] to the topological B-model on a local CY [9] and expressed
the pure gauge SU(2) prepotential up to genus 6 in terms of modular forms.
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A Theta Functions and Friends


















































where the last character appears twice [8], one for an indecomposable singlet highest
weight representation R0 and the other for an indecomposable doublet highest weight
representation R1.
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